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0 INTRODUCTION 
The material exhibited here is inspired by the results of [3]. Like the 
result in [3], our work can be viewed as applications of the very 
fundamental theorems of Mestre in [6]. We begin with a review of the 
basic concepts that are involved. 
Let K be a field and G a finite group. One says that G is K-admissible 
if there exists a finite-dimensional central division algebra D over K, and a 
maximal subfield L of D, with L Galois over K having Galois group 
isomorphic to G. We note that G is K-admissible exactly when some central 
division algebra over K is a crossed-product for G. 
When K is an algebraic number field, the condition of maximality on L 
can be dropped by [S, Prop. 2.21. Number theoretic conditions for 
admissibiliy over number fields are known; we outline what these are. Let 
K be a number field and G a finite group. For any prime divisor u of K, 
we write K, for the completion of K at v. Suppose p is a prime that divides 
the order of G, and pm is the highest power of p that divides this order. 
Then, by [S, Prop. 2.53, G is K-admissible if and only if there is a Galois 
extension L of K with Galois group G so that for every such p dividing the 
order of G: 
(A) For two prime divisors u of K, [L, : K,] is divisible by pm. 
* Research supported by NSF Grant No. DMS-8801051. 
’ Research supported by the Fund for the Promotion of Research at the Technion. 
333 
M)21-8693/92 $3.00 
Copynght 10 1992 by Academic Press, Inc 
All rights ol reproduction in any form reserved 
334 SCHACHER AND SONN 
Here L, denotes any of the extensions of u to L, and [L, : K,] is the 
dimension of L, over K,. The two extensions v in (A) depend on p, but 
there must be two such for every p dividing the order of G. By [8, 
Remark 1, p. 4551, condition (A) only needs to be verified for those primes 
p for which the p-Sylow subgroup of G is not cyclic. 
When K is the rational field Q, the property of Q-admissibility places 
severe restrictions on a finite group G. We say a group P is metacyclic if 
P has a normal subgroup H so that both P/H and H are cyclic. Then, from 
[8, Theorem 4.11: 
(B) If a group G is Q-admissible, then every Sylow subgroup of G is 
metacyclic. 
The converse of (B) is not known. It is proved for solvable groups (see 
[9]), and for several incidental classes of non-solvable groups. The 
Q-admissibility of the alternating groups A, and A, was proved only 
recently by Feit and by Fein and Schacher [2]. 
If a finite group G is admissible over every number field, then by [4], 
every Sylow subgroup of G is both abelian and metacyclic. Recent results 
on invariants of finite groups show that A, is admissible over every number 
field. For this, Mestre’s methods from [6] would also suffice. 
In [3], necessary and sufficient conditions are derived for a number field 
K in order for SL(2, 5) the central extension of As, to be K-admissible. 
In this paper, we solve the corresponding problem for A, and A,. The 
surprising thing is that we are led to exactly the same conditions, and 
the same fields, as in [3]. 
1. H-GENERAL POLYNOMIALS 
Let k be a field, and H(T) = H(T,, T2, . . . . T,,) a non-zero polynomial 
over k. A polynomial P(X) = Xn + a, X” - ’ + . . . + a,, E k[X] is called 
H-general (see [6]) if and only if H(a,, a2, . . . . a,) # 0. We begin with a 
result showing that for any such P(X), its factors can be amended without 
changing the extension field they determine in order to make the product 
H-general. We show this first in the case when P(X) is irreducible. All our 
polynomials wil be assumed to be separable. 
LEMMA 1. Let k be an infinite field, K/k a finite separable extension. Let 
0 #HE k[T] be as above. Then there is an element u E K with K= k(u) and 
the minimal polynomial of c1 over k is H-general. 
ProoJ Set K= k(8), L the normal closure of K/k, G= G(L/k) the 
Galois group of L over k, G, = G(L/K). Suppose that 1 = pi, 02, . . . . CJ,, are 
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coset representatives of G, in G. Let Y, , Y,, . . . . Y, be indeterminates, and 
form 
Then q~k[Y], and we can identify G with G(L(Y)/K(Y). We have for 
i = 1, 2, . . . . n 
Since the Van der Monde determinant det(aj(B)‘- ’ ) is non-zero as 0 over 
k is separable, we can solve for the Yi in terms of the cj(q), and conclude 
that the ai are algebraically independent over k and K(Y)= k(Y)(q). 
Thus 
f(J’, J’) = n (X- c,(v)) E KY, Xl 
is the minimal polynomial over k(Y). Expanding this into 
f(Y,X)=X”+u,(Y)X”-‘+ ..’ +a,(Y), 
the coefficients a,(Y), a,(Y), . . . . a,(Y) are elements of k(Y) which are 
algebraically independent over k. The polynomial H(a, (Y), . . . . a,(Y)) is not 
identically zero, and since k is infinite, there is a specialization Yi =yi~ k 
for which H(a,(y), az(v), . . . . a,(y)) # 0. Thus P(X) =f(y, X) is H-general. 
To ensure that P(X) is separable with distinct roots, we condition our 
choices so that 
d(y)=n (ai(V)-oj(rl)) 
i#i 
does not vanish under the specialization Yi = yi. This is another condition 
on the non-vanishing of a polynomial over k. Now with 
cY=c Plyi, 
we have our desired element with K = k(a). 
COROLLARY 2. Let k be an infinite field, and suppose that K/k is a finite 
dimensional separable extension. Let 9,) 82, . . . . 0, be elements of K with 8, 
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of degree ni over k. Let 0 # H(T,, Tz, . . . . T,) E k[T,, Tz, . . . . T,,] be given 
withn=n,+n,+...+n,. Thenthereexista,,a,,...,cc,EKsuchthat 
(1) k(cc,)=k(B,), i= 1, 2, . . . . m. 
(2) If P,(x) E k[X] is the minimal polynomial of clj over k, then 
P(X) = fi Pi(X) 
i= 1 
is H-general. 
Proof: We generalize the argument of Lemma 1. For eachj= 1, 2, . . . . m, 
construct vi andfi(Y(j’, X) as in Lemma 1, where lJ {Y(j) :j= 1, 2, . . . . m} is 
a set of n algebraically independent elements over k. Then f= n f, is a 
polynomial with n algebraically independent coefficients a,(Y). The rest of 
the proof proceeds as in Lemma 1. 
THEOREM 3. Let K be a number field. Then the following are equivalent: 
(1) 2 has at least two prime divisors in K or JZ$K. 
(2) The quaternion group Q, of order 8 is realizable (as a Galois 
group) over K, for at least two primes v of K. 
(3) The dihedral group D, is realisable (as a Galois group) over K, for 
at least two primes v of K. 
(4) A, is K-admissible. 
(5) A, is K-admissible. 
We remark that (1) of Theorem (3) is exactly the condition of [3] which 
determines the admissibility of SL(2, 5). 
Proof Suppose that condition (1) does not hold in K. Then J- 1 E K, 
and there is at most one prime 71 lying over 2. If v is any prime not dividing 
2, then any metacyclic 2-extension L,/K, is tamely ramified, and it is 
generated by two elements ~7 and z satisfying the relations G-%O = P, q = 1 
(mod 4) (see [l, Theorem 91). If the group has order 8, this forces it to be 
abelian. Thus both D, and Q, are realizable over K, for at most one prime 
of K, namely 71. Hence (2) and (3) do not hold. This shows (2) and (3) 
imply (1). 
The Sylow 2-subgroups of A, and A, are isomorphic to D8. Suppose A, 
is K-admissible. Then for at least two primes v of K, a subgroup of A, con- 
taining D, is realizable over a finite extension K,. of K, by condition (A). 
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This is again impossible for u not dividing 2 by the argument above. The 
proof for A, is identical. Thus (2)(5) each imply (1). 
We next show ( 1) implies (2) and (3). 
Case 1. J-1 K. Let u be a prime of K not dividing 2 which remains 
prime in K( / - 1); there are infinitely many such by the Chebotarev 
density theorem. Then the residue field R, does not contain J-1, so 
q= IR,j s - 1 (mod 4). Th en the relations above and [l] show that D, 
and Qs are realizable over K,. Thus (2) and (3) hold. 
Case 2. fl E K and 2 has at least two prime divisors in K. Let u be 
one of them. Then J-1 E K,, and if K, is the maximal 2-extension of K,, 
then G(&/K,) is a Demushkin group (see [S, Theorem 11) with a presen- 
tation (a,, . . . . (T n:a9[al,a,]...[a,~,,a,,]=l) where n=[K,:QP,]+2 
is even and b 4. Setting the odd (or = c3 = . . = on ~ , = 1 gives a free factor 
of rank n/2 > 2. Hence any 2-group on two generators, in particular D, or 
Q,, is realizable over K,. Hence (1) implies (2) and (3) so now (l), (2), 
(3) are all equivalent. 
We next show that (3) implies (5). Let o,, v2 be primes of K for which 
D, is realisable over K, for v = u,, u2. By Krasner’s Lemma, we can find a 
polynomial f(X) E K[X] of degree 4 so that the Galois group off over K 
is S4 and S has Galois group D, over K, for v = or, ul. Let A E K*/K*' be 
the discriminant of f, so K(a) is the quadratic subfield of the splitting 
field L off over K. Let u,, u2 be two primes of K unramitied in L whose 
decomposition grops are cyclic of order 3; they exist by the density 
theorem. We may assume without loss of generality that the absolute 
norms of U, and u2 are congruent to 1 modulo 3. This is automatic if -3 
is a square in K, and otherwise the density theorem says that the ui could 
have been chosen with Frobenius of order 3 in L and split completely in 
K(G); such U, would then serve. (A uniform argument would say 
choose U, by the density theorem, with frobenius from K to L(n) equal 
to an element of order 3 in G(L/K).) Now Ku contains the cube roots of 
unity for u = 24r, u2. Let M, be the ramified cubic cyclic extension of K,, for 
u=u1, u2, obtained by adjoining the cube root of a prime element. By [7, 
Corollary (6.4)(e), p. 903, K(&)/K can be embedded into an S, extension 
MJ K such that the completion of M at u is M,, u = u,, u2, and the comple- 
tion of A4 at II is K,(A), v=v,, l.2. Let g(x) E K[X] be a cubic whose 
splitting field is M, and set 
P(X) =f(X) g(X). 
Since f and g have the same discriminant, the discriminant of P(X) is a 
square in K. (We continue to consider the discriminant as an element of 
K*/K*2.) Let H be the polynomial in [6, Prop. 21. By Corollary 2, we may 
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assume that P(X) is H-general. Then [6] says there is a polynomial 
Q(X) E K[X] such that the Galois group of P(X) - TQ(X) over R[T] is 
A,. By the arguments of [a], there is a specialization T= TV K for which 
the Galois group of P - tQ over K is A, and for which the completions of 
its splitting field at ui, i= 1, 2, 3, 4, contain those of P(X); for this one uses 
Krasner’s Lemma when t is close to 0 at the vi and the density of Hilbert 
sets. The completions of the splitting field of P(X) at ul, u2 contain a D8 
extension, and at ui, u2 contain an extension of type C3 x C3 as a com- 
posite of a cyclic unramitied 3-extension with a cyclic ramified 3-extension. 
By our remarks in the Introduction, the conditions in (A) need only be 
verified for the Sylow subgroups which are not cyclic. It follows that A, is 
K-admissible. 
What remains is the implication (3) = (4). For this we use Mestre’s trick 
of dropping from the odd case to the even case, as adapted in either 
Lemma 6.6. of [3] or Theorem 4 of [2]. We start with the construction for 
an admissible A, extension of K as above. By construction, g(X) has a root 
in K, for v=vi, v2, and f(X) has a root in K,, for u = ui , z+. Hence P(X) 
has a root in all four completions. It follows from [2] or [3] that A, is 
k-admissible. 
We remark that W. Feit has announced the result that the double covers 
A”6 and A”, are Q-admissible. Theorem 3 does not provide a proof of these 
statements. In fact, we have never used the remarkable fact in [6] that 
Witt invariants are preserved in the construction. 
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